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ABSTRACT:
This paper presents vibration analyses performed on a diesel engine
mounted on a test chassis. Four methods were used in analyzing engine
vibrations on the test chassis.
Static engine vibration analysis was an experimental method used to
identify natural engine frequencies and modes shapes on the test chassis. In
this technique, the non-running engine was excited by an external input force. A
running engine analysis was used to determine engine resonance frequencies.
In this analysis, the engine was excited by the running dynamics of its
components. Engine speeds at those resonance frequencies were also
determined in this test. Thirdly, lumped mass modeling was used in analyzing
engine vibrations. In this analysis, the engine was analytically modeled as a
rigid block. Thus, only inelastic mode shapes of the engine were determined.
Finite Element Analysis was the last method performed. In this analysis, both
the vibration of the engine and its test chassis were analyzed by finite element
modeling. Thus, dynamic mode shapes were determined.
Finally, resonance frequencies from all four methods were compared.
The experimental natural mode shapes, using the static engine analysis, were




2.0 STATIC ENGINE MODAL ANALYSIS 5
2.1 Background 5
2.2 Test Setup 5
2.3 Data Acquisition 8
2.4 Data Reduction 10
2.5 Results 1 1
3.0 RUNNING ENGINETEST 19
3.1 Background 1 9
3.2 Determination Of The Accelerometer Locations 19
3.3 Test Setup 21
3.4 Data Acquisition 23
3.5 Data Reduction For First Running Engine Test 23
3.6 Results From First Running Engine Test 25
3.7 Determination Of The Corresponding Engine Speed (RPM) 27
3.8 Identification Of Engine Speed By The Second Running Engine Test . 29




4.3 Natural Frequency Calculation For Engine Inelastic Mode Shapes 33
5.0 FINITE ELEMENT MODELING 37
5.1 Background 37
5.2 Modeling 37
5.3 Analysis Iteration 41
5.4 Results 44
6.0 MODE SHAPE CORRELATION 51
6.1 Static Engine Data Reduction 53
6.2 Finite Element Analysis Data Reduction 55





APPENDIX A - Mathematical modeling for the engine yawing/translating
inelastic mode 67
Mathematical model for the rolling engine inelastic mode .. 73
APPENDIX B - Mode Shape Numerical Output For Static Engine Test 76




2.1 Static Engine Test Results 12
3.1 Running Engine And Static Engine Results 26
3.2 Possible Engine Speed At Resonance Frequency 28
3.3 Engine Speed At Resonance Frequency 30
5.1 Percentage Of Properties Of Cast Iron 42
5.2 Properties For The Last Iteration 43
5.3 FEA And Static Engine Test Results 45
6.1 FEA Node And Corresponding Static Engine Node 52
6.2 Typical Output For A Mode Shape In Static Engine Analysis 53
6.3 Typical Static Engine Analysis Reduced Data 54
6.4 Typical FEA Reduced Data For A Mode Shape (Mode 1 ) 55
6.5 Modal Assurance Criteria Results 56
7.1 Resonance Frequency Results 58
7.2 Mode Shape Results 59
LIST OF FIGURES
Figure Page
2.1 Six-Cylinder Diesel Engine Mounted On The Test Chassis 6
2.2a Engine Model In NVA 7
2.2b Shaker Setup 8
2.3 Typical Transfer Function For Static Engine Test 10
2.4a Static Engine First Mode Shape 13
2.4b Static Engine Second Mode Shape 14
2.4c Static Engine Third Mode Shape 15
2.4d Static Engine Fourth Mode Shape 16
2.4e Static Engine Fifth Mode Shape 17
2.4f Static Engine Sixth Mode Shape 18
3.1 NVA Model For Running Engine Test 21
3.2 Running Engine Data Acquisition Schematic Diagram 22
3.3 Typical Power Spectrum Display 24
3.4 Typical Power Spectrum Display From Second Test 30
4.1 Engine Mounted On The Chassis 31
4.2 Lumped Mass Modeling For The Engine And The Chassis 32
4.3 Lumped Mass Model For Pitching Mode 34
4.4 Free Body Diagram For The Pitching Mode 35
5.1a Finite Element Model 38
VI
5.1b Finite Element Model With Node And Element ID 39
5.1c Layers Representation Of The Engine Block 41
5.2a FEA Mode Shape At 19.94 Hz 46
5.2b FEA Mode Shape At 38.95 Hz 47
5.2c FEA Mode Shape At 65.32 Hz 48
5.2d FEA Mode Shape At 164.26 Hz 49
5.2e FEA Mode Shape At 189.47 Hz 50
A1 Engine Mounted On The Test Chassis 67
A2 Mathematical Model For Engine Yawing/Trans. Inelastic Mode .. 68
A3 Frame Stiffness Members For The Yawing/Translating Mode 69
A4 Half Of The Frame Members Which Provided Stiffness 70
A5 Free Body Diagram For The Yawing/Translating Mode 71
A6 Mathematical Model For The Rolling Engine Inelastic Mode 73




N engine order number
{0}T set of nodal displacements from test results
{$}a set of nodal displacements from ana lytical results
M Engine mass Ib-s2/in




Area moment of inertia
lb/in
in4









COn Natural frequency Hz
Vlll
1.0 INTRODUCTION
Vibration data from a six-cylinder diesel engine, both from the truck and
in the test cell were recorded by an engine manufacturer in the form of frequency
response functions. However, a significant difference was discovered between
the two data sets. As a result, the manufacturer placed a high priority on
redesigning the current test system to better correlate engine vibrations in the
test cell with those in the truck. Although engine noise and vibration have been
studied by engineers for the purpose of noise reduction and avoiding engine
component breakdown, vibration of the engine in the test chassis has never
been analyzed by the manufacturer.
Diesel engine manufacturers have focused on noise reduction efforts for
several years. Engineers have developed several analytical and experimental
techniques to analyze and reduce engine noise and vibrations.
The finite element method has been widely used for predicting the effect
of design changes on the structural response of the engine. This technique is
used to determine how the design changes affect the mode shapes and
resonance frequencies of a structure. These modal parameters are used to
calculate the frequency response functions needed to estimate the response due
to an input force. Inaccuracies in the model parameters and boundary
conditions can result in sizable errors in the predicted response of the structure.
Therefore, experimental verification of these modal parameters is necessary to
verify the dynamic characteristics and boundary conditions of the model.
Experimental static engine modal analysis has been widely used to study
the dynamic characteristics of engine structures (Ref. 1 ). In this method, the
structure is artificially excited through a force transducer. Frequency response
functions are obtained for all positions of interest, defining the amplitude and
phase of each point's response relative to the input force. The frequency
response functions are then used to calculate the mode shapes at the
resonance frequencies of the structure. This analysis provides the designer with
information necessary to verify the accuracy of finite element models.
A drawback to this experimental modal analysis method is that the engine
test is performed on a static test rig which may be significantly different than a
running engine. Therefore, a running engine test is performed. This technique
can also be used to verify the modal parameters of a structure. This method is
similar to the static engine modal analysis, except that the reference
measurement is a motion transducer. In this case, an output is chosen as a
reference and other outputs are displaced relative to the reference. Frequency
response functions are measured from each point to the reference under the
steady state engine operating conditions. Resonance frequencies are found
from the temporal and spatial averaged velocity spectrum of the component
(Ref. 1). Operating deflection shapes are generated from the frequency
response function at each of the frequencies of interest, in much the same
manner as the static engine analysis. At frequencies where a single mode
dominates the response of the structure, the operating deflection shape will be
similar to that particular mode shape (Ref. 1 ,2).
The primary objective of this study was to better understand the vibrations
of a six-cylinder diesel engine mounted on its test chassis. The vibrations were
analyzed first by using experimental static engine modal analysis to determine
natural frequencies and mode shapes of the engine on its chassis. The
superposition of the mode shapes from this analysis determined the engine and
chassis structural response at different frequencies.
After natural frequencies and mode shapes were determined, a running
engine test was used to determine resonance frequencies of a running engine
on its test chassis. This analysis showed the shifting of the resonance
frequencies from the static engine test due to a different setup for running the
engine. Once resonant frequencies were identified, engine speeds in RPM at
those resonance frequencies were determined. These engine speeds are
suspected to cause engine failure.
Thirdly, the engine and its test chassis were modeled analytically.
Mathematical modeling was used to predict the engine inelastic modes. In this
analysis, the engine was modeled as a rigid mass with the test chassis providing
spring stiffness.
Finally, the engine and the test chassis was finite element modeled. The
results from the FEA were then correlated with the results from the static engine
test to assure the analytical representation of the engine on its test chassis.
The results from this study can be used to better understand how to
optimize the vibrations of the engine mounted on its chassis. The finite element
analysis can be used in a preliminary redesign for predicting the effect of design
changes on the structural response of the system. In addition, the static engine
test and the running engine test can be used to verify the vibrations of the new
design.
2.0 STATIC ENGINE MODAL ANALYSIS
2.1 Background
Static engine testing is a practical method of obtaining accurate frequency
response functions which in turn can be used to calculate the mode shapes at
the natural frequencies of the structure. In this method, the structure is
artificially excited through a force transducer. The engine is not running in this
case. Frequency response functions are obtained for all positions of interest
which define the amplitude and phase of each point's response relative to the
input force.
The six-cylinder diesel engine mounted on the test chassis (see Figure
2.1 ) represents the same diesel engine in a truck chassis. Therefore the static
engine test was set up in the laboratory to determine natural frequencies and
mode shapes of the engine using this test chassis scenario.
2.2 Test Setup
In this static engine test, the engine was setup in an experimental
laboratory. The engine was mounted on a test chassis having four legs which
rested on a concrete floor. The rear end of the chassis was clamped down by












Figure 2.1 - Six-Cylinder Diesel Engine Mounted On The Test Chassis
The engine, modeled in a vibration analysis software package called
NVA (Noise and Vibration Analysis) (Ref. 9), consisted of 24 nodes (see Figure
2.2) where an accelerometer was mounted. For each node, three frequency
response functions were stored in NVA since at each point on the engine block,
a tri-axial accelerometer was used to measure motion in the x, y, and z direction.
The NVA hardware was only capable of recording two frequency response
functions for each run. Thus, one tri-axial accelerometer was used and moved
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Figure 2.2a Engine Model In NVA
A 25 LB output shaker was mounted to the engine block, at node 12,
because it was the farthest from any constraint (see Figure 2.2b). Thus energy
transfer from the shaker caused maximum engine motion. The shaker provided
input energy into the system in the direction
parallel to the z axis.
node 12 steel rod
y
adjustable table
Figure 2.2b - Shaker Setup
In general two types of connections, hard-mounted and soft-mounted,
were located between the engine and the test chassis. In a hard-mounted
connection, a steel block is sandwiched between the engine and the test
chassis, while a rubber block is sandwiched between the engine and the test
chassis for soft-mounted connection. The soft-mounted was selected since the
engine in the truck chassis was soft-mounted.
2.3 Data Acquisition
The shaker was used as an input source to excite the system. The
coherence, which indicates how good the data recorded is, was set at 0.99
which is recommended by the program. In NVA, the coherence is calculated by






Pi = Fourier series of the input signal
(30= Fourier series of the output signal
Multi-tone sine-sweep is the method used to generate and record the
frequency response functions. The frequency response function is the ratio of
output to input at a frequency, throughout the frequency range. A typical run
consisted of several sweeps. In the first sweep, NVA excited and calculated the
spectral information in the full specified frequency range. In the second sweep,
NVA excited and calculated the spectral information for those frequencies that
had a coherence value less than 0.99 and likewise for each subsequent sweep.
For this test, the swept sine mode was setup for three sweeps. Each run was
swept from 0 Hz up to 500 Hz.
A cut-off frequency of 20 Hz was used because natural frequencies of the
shaker occur below 20 Hz. Frequency response functions (see Figure 2.3) were
obtained at different accelerometer positions and stored in NVA. At each of the
24 nodes, there were three frequency response functions which represented the
x, y, and z responses. Thus, 72 frequency response functions were recorded
and stored.
2.4 Data Reduction
The data was taken in the frequency range between 20 Hz and 500 Hz.
However, this study is focusing on the mechanical vibrations of the engine
mounted on it chassis. Therefore, the frequency range analyzed was chosen to
be 250 Hz and lower. The frequency response functions were analyzed and
used to determine the mode shapes at the resonance frequencies.
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Figure 2.3 -Typical Frequency Response Function
Engine mode shapes were analyzed, by first identifying the resonance
frequencies of the engine. This was done manually by going through all the
frequency response functions stored in NVA, and searching for frequencies
10
where high amplitude occurred consistently. Once the resonance frequencies
were identified, the program calculated the mode shape at the selected
frequency. The modal curve fit option was used in the program to calculate
mode shapes. At each resonance frequency, the program processed the
response at that frequency from all the frequency response functions, and best
curve-fitted them using the least squares method to form a mode shape.
2.5 Results
In this frequency range, there were six resonance frequencies identified.
Six mode shapes were determined (see Figure 2.4). The first three mode
shapes were engine inelastic modes and the last three mode were the engine
twisting, bending and breathing modes (Table 2.1.)
The first engine inelastic mode shape occurred at 22.5 Hz (Figure 2.4a),
indicating that the engine was translating in the z direction at the free end.
There is no translation at the other end where the test chassis was clamped
down by the two C-clamps. The second engine inelastic mode shape occurred
at 39.9 Hz (Figure 2.4b), indicating the engine rotation was near the center of
gravity line of the engine, parallel to x axis. The third engine inelastic mode
shape occurred at 65.6 Hz (Figure 2.4 c), indicating engine rotation about the
line parallel to the z axis.
The fourth mode shape occurred at 139.9 Hz (Figure 2.4). It showed that
the engine was bending and twisting, but bending was more dominant than
n
twisting. The fifth mode shape occurred at 189.9 Hz (Figure 2.4e), and appeared
to have both twisting and bending, twisting being the more dominant. The sixth
mode shape occurred at 21 1 .5 Hz (Figure 2.4f) in which the engine was bending
and breathing, with breathing being the more dominant.








The bottom portion of the engine block was bent more then the top of the
portion of the block. This situation was expected since the stiffness from the
bottom portion of the blockwas less than the stiffness from the top portion of the
block. The crankshaft from the bottom of the block only added mass to engine; it













or x = e
ID! V - 36






IDf X - e
0T . 90


















ROT X * 0
FOT Y 39







mi x ' o
HOT T = 3D
ROT Z = 0
SCflU " 161
mm 65.6
DMIf = 0 .9Z6Z
i_"














HOT T = 55

















HOT K - ZS








KIT T > 155
ROT Z - a
SCALE * 133
ran) - 169.3









tanr - i .197*
-(.













ROT X => 35
ROT 1 se





HOT 12 = -25
UEHT -20
ROT X - 35
W7 1 . 58





Figure 2.4f - Static Engine Sixth Mode
Shape
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3.0 RUNNING ENGINE TESTING
3.1 Background
A draw back of the static engine modal analysis approach is that the
engine test is performed on a static test rig which could be significantly different
than on a running engine. Since the force input is usually chosen arbitrarily, this
method cannot determine which modes are most important. Also, differences
between the static test rig and a running engine, such as the mounting system,
temperature, connecting rod/piston/crank dynamics, etc., can cause a shift in
natural frequencies.
Running engine analysis or operational deflection shape (ODS) analysis
can be used to verify the modal parameters of the structure. The ODS is similar
to static modal analysis, but not a replacement. Static modal analysis
determines the characteristics of the unforced structure while the ODS
determines the behavior of the structure under operation. Static modal analysis
and ODS are closely related which is evidenced by the fact that at a particular
resonance frequency, the mode shape and ODS will be very similar. They differ
in that the ODS contains the extra information created by including the forcing
functions (Ref. 9)
3.2 Determination Of The Accelerometer Locations.
Due to the limitation in the capacity of equipment, along with the
availability of the test cell, it was necessary to minimize the number of
19
accelerometers used for running the engine vibration measurements.
Appropriate locations where displacements are large, need to be determined for
the mounting of accelerometers.
In this test, only two signal amplifiers, with 14 channels were available.
Therefore, fourteen accelerometers were used to record data during the test.
The test cell was used for performance testing so its availability was very limited
for experimental testing. It was necessary to run one test and simultaneously
gather enough data to analyze running engine vibrations. The mode shapes
from the static engine analysis were used in identifying locations where severe
deflection occurred. At these locations, accelerometers were mounted. It is
important not to mount accelerometers at those nodes where deflection is
minimal.
The appropriate accelerometer locations for the running engine test were
determined by looking through all the mode shapes from the static engine modal
analysis, and searching for the nodes and the directions where high deflection
occurred. The bottom portion of the engine block showed high deflection in the
z direction. Also, accelerometers were required at the corners of the engine
block to form a partial NVA model. Thus, the best locations to mount the
accelerometers were at the bottom of the engine block in z direction and at the
two top corners of the block (see Figure 3.1 ).
20
Figure 3.1 - NVA Model For Running Engine Test.
3.3 Test Set Up
The same engine and test chassis used in the static engine test was used
for running engine test. Fourteen accelerometers were mounted to those
locations determined from the static engine modal analysis. The engine and the
test chassis from the laboratory was then shifted into the performance test cell.
In the test cell, the test chassis was locked by two hydraulic clamps. A
dynamometer, intake, exhaust, and all necessary hardware required to run and
control the engine were engaged.
The fourteen accelerometers were connected to fourteen channels on two
signal amplifiers. The signal outputs from the amplifiers were transferred and
stored in a signal tape recorder. The amplifiers were used to control the
21
magnitude of the accelerometer signals which produced outputs in the allowable
range(see Figure 3.2).
Figure 3.2 - Running Engine Data Acquisition Schematic Diagram
22
3.4 Data Acquisition
There were two tests performed for this analysis. The data from the first
test was used to determine the running engine resonance frequencies. The data
recorded from the second test was used to determine engine speeds where
resonance frequencies occurred.
In the first test, the engine speed was initially set at 2400 rpm with 100
percent load resistance by the dynamometer. It was then decreased to 1 000
rpm at a constant rate of 2 rps (revolutions per second). All the vibration
signals from the accelerometers in this engine speed range were recorded by
the signal tape recorder.
The second test was performed with the initial engine speed of 1000 rpm
and 100 percent load resistance. It was then increased to 2400 rpm at the rate
of 50 rpm per increment. At every increment, the engine was running at a
constant speed for 30 seconds. All vibration signals from the accelerometers
were recorded by the signal tape recorder.
3.5 Data Reduction For First Running Engine Test
The Operating Deflection Shape (ODS) option from the NVA was used to
analyze the running engine test data. Vibration data, stored in the tape recorder
was transferred into NVA, for each channel, and displayed typically in a power
spectrum graphical form (see Figure 3.3). The power spectrum graph provided
23









, , . ,
g's














i i i i
rv\ !.fi A
f 1 ' ^ M r i




1 1 1 "T-'-l 1 1 1
1-
8.8 FREQUENCY (Hz) 588.8
Figure 3.3 - Power Spectrum Display From The First Test
The frequency response functions were acquired between two
accelerometers, the reference accelerometer and the roving accelerometer.
The reference accelerometer remained at one location. The roving
accelerometer was moved to each response point and frequency response
function data was acquired for each translational degree of freedom. The phase
24
of the transfer function and the power spectrum of the response points were
used to calculate the ODS information (Ref. 9).
In this test, the acceleration data of all the nodes in the model was stored
in the signal tape recorder. The power spectrum provided the amplitude
response information. Phase information was generated by using a reference
transducer. One output channel from the tape recorderwas used as a reference
transducer which was simulated in NVA as an input. Each of the other channels
was simulated in NVA as an output relative to the same chosen input channel.
Thus, for each node on the model, the phase information was generated
between that node and the reference node. Once the frequency response
functions were determined, running engine operating deflection shapes were
calculated by NVA in the same way as the static engine modal analysis
described in Section 2.4.
3.6 Results From First Running Engine Test
From the running engine analysis, six resonance frequencies were found.
Operating deflection shapes from the running engine test were also analyzed.
However, the relationship between engine mode shapes and engine operating
deflection shapes was unable to be determined due to the lack of
accelerometers used in the running engine model. In the static engine test
model, there were 72 degrees of freedom used at the 24 nodes, since at each
25
node, there were 3 degrees of freedom. In the running engine model, only 14
degrees of freedom were used at the 10 nodes. Six nodes in the model had one
degree of freedom each and the other four nodes had two degrees of freedom
each (see Figure 3.1). The operating deflection shapes were formed according
to the degrees of freedom at each node. Therefore, the complete operating
deflection shapes were undetermined in this model. However, this running
engine test can be used to verify resonance frequencies. The resonance
frequencies of the running engine test and the static engine test are shown in
Table 3.1.













3.7 Determination Of The Corresponding Engine Speed (rpm)
From the first running engine test, six resonance frequencies were found
(see Table 3.1). It is important to determine the engine speed where these
resonance frequencies occur. Engine failure or damage is suspected to occur at
these frequencies. The resonance frequencies and the engine speed were
related by the following equation (Ref. 11):
f(Hz) = Engine speed (rpm)
*
harmonic order number N/60 (2)
where the harmonic order number N, in torsional vibrations, is the number of
cycles per crankshaft revolution, i.e. a third order magnitude will show three
complete cycles per crankshaft revolution, and six complete cycles per engine
cycle (two crank revolutions).
For this six cylinder diesel engine, the harmonic order numbers of 1 , 3,
4.5, and 6 were suspected to produce resonance frequencies (Ref. 4, 11). At
each resonance frequency, there were four possible engine speeds (rpm) which
corresponded to the four harmonic numbers suspected to yield resonance. All
possible engine speeds at each resonance frequency were calculated using
equation 2 as shown in Table 3.2.
Data for the running engine test was taken in the range between 1000
rpm and 2400 rpm. In order to determine which of the four engine speeds
yielded resonance, any calculated engine speed occurring outside of this range
27
was eliminated. The calculated engine speeds occurring inside of this range
was determined by analyzing the data from the second test.
































3.8 Identification Of Engine Speed Using Data From Second Test.
Data collected from the second running engine test was used to
determine the engine speeds at which resonance frequencies occurred. In the
first test, engine resonance frequencies were determined in the engine speed
range from 1 000 rpm to 2400 rpm. From the frequency /engine speed (rpm)
relationship (Equation 2), there were four possible engine speeds at each
resonance frequency. In order to determine at which of the four engine speed
that resonance occurred, vibration data at each of the four engine speeds were
analyzed in the second test.
In the second test, engine vibration data was recorded for 30 seconds at
every 50 rpm increment in the range between 1000 and 2400 rpm. The engine
speed where resonance occurred was determined by displaying the power
spectrum at each of the four engine speeds. A typical power spectrum from the
second test is shown on Figure 3.4. The power spectrum showed high
amplitude at the engine speed where resonance occurred. At those engine
speeds where there were no resonance, amplitude from the power spectrum was
minimal. The same process was performed for every resonance frequency. The
engine speeds where resonance frequencies occurred are shown in Table 3.3.
Engine damage or failure usually occurs at these engine speeds (Ref. 1 1 ).
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Figure 3.4 - Power Spectrum Display From The Second Test














4.0 LUMPED MASS MODELING
4.1 Background
Lumped mass modeling is a mathematical technique which was used to
represent the engine mounted on the test chassis as a spring-mass system. In
this analysis, the engine was modeled as a rigid mass. The test chassis was
modeled as an elastic spring system. Thus, only inelastic mode shapes of the
engine were determined. This modeling can be used to confirm engine inelastic
modes at the lower frequencies from the static engine test results.
4.2 Modeling
The engine mounted on the test chassis as shown of Figure 4.1 is
















Figure 4.2 - Lumped Mass Modeling For The Engine And The Chassis
where:
M = Engine mass
Ki = Spring stiffness provided by beam 1
K2 = Spring stiffness provided by beam 2
K3 = Spring stiffness provided by beam 3
32
and where:
M = 2720 lb (included flywheel, mounting connectors, and miscellaneous
items)
Beam 1 length (1-0 = 12 inches
Beam 2 length (L2) = 15 inches
Beam 3 length (L3) = 12 inches
Beam 1 cross section area Ai = 1.75
in2
Beam 2 cross section area A2 = 2.25
in2
Beam 1 cross section area A3 = 2.25 in2, moment of inertia l3= 1.3
in4
Modulus of Elasticity E for all the beams = 29 X
106
psi
The spring stiffness K calculation was
K1 = A, E/ Li = (1 .75 in2)( 29 X 1
06
psi)/1 2 = 42291 66 lb/in
K2 = A2 E/ L2 = (2.25 in2)( 29 X 1
06
psi)/1 5 = 4350000 lb/in
K3 = 48E y
L33
= (48)( 29 X 1
06
psi)( 1 .3 in4)/1
23
= 1 047222 lb/in
The four support legs are assumed to be rigid. Thus no spring stiffness was
modeled for those four legs.
4.3 Natural Frequency Calculation Of Engine Inelastic Mode Shapes.
The natural frequency for the third engine inelastic (pitching) mode will be
calculated here (please see appendix A for the calculation of the
yawing/translating and rolling engine inelastic modes):
33
From the static engine test results, the third engine inelastic mode
showed the engine was pitching. A lumped mass model of this mode is shown in
Figure 4.3.
WW WW
Figure 4.3 - Lumped Mass Model For Pitching Mode
The engine mass moment of inertia is J = M(L2/12 + h2/12), where
M = 2720 lb, mass = 226.7 lb-s2/in
34
Thus,
J = 226.7 lb-s2/in(382/12 + 222/12) = 36423 Ib-in-
s2
In addition,
Keq1 = 2 Ki = 8458333 lb/in
Keq2= 2[(2K2 K3)/(2 K2+ K3) = 1869421 lb/in











Figure 4.4 - Free Body Diagram For The Pitching Mode
It was assumed that sinG = 0, and the system has no damping.
If,
Li = distance from center of gravity of the engine to the front mounting
L2 = distance from center of gravity of the engine to the rear mounting
then it was assumed that
Li = 22 inches, L2= 27.5 inches






Fkeql = (Keqi)X-i ; Fkeq2 = (Keq2)X2
The equation of motion is:
J^=-(Fkeql)Ll^-(Fkeq2)L2^
Q +












After substituting the value of K^, Keq2, Li, L2, and J into the above equation, the
natural frequency COn was found to be
On = 326.3 rad/sec
On = (326.3 rad/sec)(revolution/2nrad)
On = 61.9 Hz
The lumped mass modeling natural frequency for the yawing/translating and
rolling engine inelastic modes were
found to be 22.7 Hz and 36.4 Hz
respectively.
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5.0 FINITE ELEMENT MODELING
5.1 Background
The engine mounted on the test chassis is a complex system for finite
element modeling. There are many unknown parameters in this system. The
engine has a complex shape. The weight and the damping factor of the each
individual component inside the engine are unknown. Most of the constraints in
this system such as engine/chassis mounting connections, and connecting force
between the chassis and the concrete floor are unknown.
This chapter presents an analytical modeling of the experimental static
engine test. The analytical results should match the results from the static
engine test. In this finite element modeling, the unknown parameters were
estimated using engineering judgment along with several analysis iterations to
match the static engine test results.
5.2 Modeling
The engine and the test chassis in the laboratory were finite element
modeled using NASTRAN (Femap version forWindows) as shown in Figure 5.1.
The engine test chassis was represented by beam elements. The four
supporting legs were modeled by rigid elements because they had irregular
shapes and they were relatively short and stiff. The weight of the engine and the





































floor. Each leg was constrained in Y translation, representing the support from
the concrete floor, while translation in X and Z direction was modeled by the
spring elements, representing the friction between the floor and the supporting
legs. This version of NASTRAN does not have the option to model friction
forces. The stiffness of the spring elements representing the friction force at
each interface was estimated as one half of Kf, estimated in the mathematical
modeling (see Appendix A) which was equivalent to 60 lb/in. In the
mathematical modeling, Kf was the friction force at one end of the frame that
included two supporting legs.
The two C-clamps were modeled to constrain all translation, however,
there was no constraint for rotation. Connections between the engine and the
test chassis were represented by rigid elements. The engine has a very
complex shape and components for FEA modeling. For example, the crankshaft
and the engine head added massive weight to the system with minimal
contribution to the stiffness. The stiffness of the engine block varied from the
bottom of the engine to the top.
The engine was modeled as a rectangular box with multi-layers of solid
brick elements (see Figure 5.1c). Each layer represented an estimated stiffness
and weight value corresponding to the respective section of the engine block.
This will be explained in the following section.
40
5.3 Analysis Iterations
The weight of the actual engine was 2070 lb. The fly wheel, mounting
connectors, and some miscellaneous items were estimated to weigh about 650
lb. Therefore, the total estimated engine weight was about 2720 lb. The finite
Layer 1 - First 4 inches from the bottom of the engine block
Layer 2-4 inches above layer 1
Layer 3-4 inches above layer 2
Layer 4 Piston portion of the engine block
Layer 5 - Walls between pistons and at the end of the engine block
Figure 5.1c Layers Representation Of The Engine Block
element modeling was based on this number for the engine mass. The engine
was modeled as a solid block with multi-layers. Each layer represented a
percentage ofweight and stiffness of the block based on properties of cast iron.
A table with calculated percentage of the properties of cast iron was established
for the analysis iterations (see Table 5.1).
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Table 5.1 - Percentaqe Of Properties Of Cast Iron














120% 16800000 4920000 0.0008076 30000 114000 42000
110% 15400000 4510000 0.0007403 27500 104500 38500
100% 14000000 4100000 0.000673 25000 95000 35000
95% 13300000 3895000 0.0006394 23750 90250 33250
90% 12600000 3690000 0.0006057 22500 85500 31500
85% 11900000 3485000 0.0005721 21250 80750 29750
80% 11200000 3280000 0.0005384 20000 76000 28000
70% 9800000 2870000 0.000471 1 17500 66500 24500
60% 8400000 2460000 0.0004038 15000 57000 21000
50% 7000000 2050000 0.0003365 12500 47500 17500
30% 4200000 1230000 0.0002019 7500 28500 10500
25% 3500000 1025000 0.0001683 6250 23750 8750
20% 2800000 820000 0.0001346 5000 19000 7000
17.50% 2450000 717500 0.0001178 4375 16625 6125
15% 2100000 615000 0.000101 3750 14250 5250
12.50% 1750000 512500 8.413E-05 3125 11875 4375
10% 1400000 410000 0.0000673 2500 9500 3500
7.50% 1050000 307500 5.048E-05 1875 7125 2625
5.00% 700000 205000 3.365E-05 1250 4750 1750
For the first iteration, an estimated percentage of stiffness, weight and the
respective properties were selected from the property table for each layer. After
the properties for each layerwere inserted into the finite element model, a
dynamic (normal modes/eigenvalue) analysis was performed on the model in the
frequency ranging from 0 to 250 Hz. Natural frequencies and mode shapes
results from the first iteration were compared to the results from the static engine
test. Based on the comparison, a new set of properties from the property table
was selected for each layer again. These new properties were inserted into the
model replacing the previous properties for the next iteration. This process was
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repeated until the finite element results best matched the static engine test
results.
The properties for each layerwere selected based on the fact that the
material cross section of the engine block was thin on the bottom, and became
thicker when approaching the top. Thus, the stiffness from the bottom portion of
the block was less than the top portion of the block. This was demonstrated in
the static engine flexible modes by having more deflection in bottom of the block.
However, the bottom portion was heavier than the middle portion because the
crankshaft and the oil pan added massive weight in the bottom portion. The top
portion was also heavier than the middle portion because it accounted for the
weight of the engine head. After several iterations, the finite element results
seemed to match the static engine test results. The properties for each layer
used for the final FEA results are shown on table 5.2.





















Layer 1 15.0% 2100000 615000 3750 14250 5250 100% 0.000673 493.6
Layer 2 17.5% 2450000 717500 4375 16625 6125 90% 0.000606 444.4
Layer 3 20.0% 2800000 820000 5000 19000 7000 85% 0.000572 421.7
Layer 4 30.0% 4200000 1230000 7500 28500 10500 110% 0.00074 1232.3
Layer 5 100.0% 14000000 4100000 25000 95000 35000 110% 0.00074 125.0
Total Engine Model Weight = 2717.1
This model had a center of gravity at the center of the block in x and z
direction, and 1 1 .4 inches from the bottom of the block in y direction (see Figure




There were 26 mode shapes in the frequency range from 0 to 250 Hz for
finite element analysis. Thirteen of the twenty-six modes were engine inelastic
modes. In these modes, the engine was moving as a solid block during the
elastic deflection of the test chassis. The other thirteen modes were engine
flexible modes. Five of the twenty-six modes (see Figure 5.2) corresponded to
the six modes previously shown in the experimental static engine test (see
Figure 2.4). The other twenty-one unmatched modes were either less dominant
modes, or modes which occurred at frequencies higher than 250 Hz in the
experimental static engine test. The finite element modeling was unable to
match the corresponding sixth-mode shape from the static engine analysis. In
this FEA modeling, only one beam element was used between the joints in the
test chassis. Thus, the mode shapes showed a straight beam between joints. A
better approach would be to include several beam elements between joints. The
analytical results and the experimental results are shown together in Table 5.3.
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6.0 MODE SHAPE CORRELATION
There are several techniques which can be used to correlate modal test
results to theoretical determinations such as finite element analysis (Ref. 10). It
is fairly straight-forward to compare frequencies. However, if frequencies have
closely spaced values, how does one determine if the comparing modes are the
same ? A numerical output correlation is necessary to match mode shapes.
The method which will be used in this paper is the Modal Assurance Criteria
(MAC) (Ref. 10). This technique compares a set of mode shapes from test
results, {OJt, with a set of analytical mode shapes, {<D}A. This method tests the
similarity between the two sets of vectors in a scalar sense similar to the vector














The MAC will equal unity if the two vectors are identical, but if the two
vectors are orthogonal, the MAC will have a small number, not zero, unless the
number of degrees of freedom between the experimental model and the
analytical model are identical. In general comparison, the MAC number of 0.80
and greater is considered a good correlation (Ref. 10).
Since the MAC will be used to correlate the nodes between the analytical
and the experimental models, it is necessary to identify the corresponding nodes
on the two models. Equivalent nodes between the static engine test and FEA
are shown in Table 6.1.
Table 6.1 FEA And Corresponding Experimental Static Engine Node


























6.1 Static Engine Data Reduction
For every mode in the model there are numerical outputs at every node.
The NVA outputs for the static engine analysis at every node showed translation
in the x, y and z direction. A typical output set of a mode shape is shown in
Table 6.2.
Table 6.2 - Typical Output For A Mode In The Static Engine Analysis
SHAPE TYPE = CURVE FIT MODE SHAPE
FREQUENCY = 22.54
DAMPING = 0.0257
FILE DATA ID = 2X
POINT NUMBER X-MAG X PHASE YMAG Y PHASE ZMAG Z PHASE
1 0.024 180 0.003 0 0.125 0
2 0.030 180 0.018 0 0.143 180
3 0.052 180 0.033 0 0.286 180
4 0.045 180 0.041 0 0.782 180
5 0.126 180 0.047 0 0.887 180
6 0.105 180 0.034 0 0.431 180
7 0.138 180 0.017 0 0.033 180
8 0.191 180 0.001 180 0.123 0
9 0.255 180 0.009 0 0.113 0
10 0.238 180 0.017 0 0.122 180
11 0.247 180 0.027 0 0.480 180
12 0.257 180 0.031 0 0.918 180
13 0.024 0 0.001 180 0.131 0
14 0.030
180"
0.012 0 0.006 180
15 0.052 0 0.023 180 0.280 180
16 0.045 0 0.031 180 0.838 180
17 0.126 0 0.037 180 0.868 180
18 0.105 0 0.045 180 0.395 180
19 0.138 0 0.022 180 0.093 180
20 0.191 0 0.005 180 0.174 0
21 0.201 0 0.027 180 0.206 0
22 0.205 0 0.017 180 0.107 180
23 0.210 0 0.009 180 0.444 180
24 0.215 0 0.001 180 -0.839 180
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From the output Table 6.2, all the translations have a positive magnitude
with a phase angle of either
0
or 180. Zero degree phase indicates that the
displacement was in phase with the positive direction, resulting in positive
magnitude. One hundred eighty degrees phase indicates that the displacement
was
180
out of phase with the positive direction, resulting in a negative
magnitude. The output data in Table 6.2 was then reduced to the form as shown
in Table 6.3, by introducing a negative sign before those amplitudes having a
180
phase.
Table 6.3 Typical Static Engine Analysis Reduced Data
FREQUENCY = 22.54 Hz
Node X translation Y translation Z translation
1 -0.0235 0.003 0.125
2 -0.0303 0.018 -0.143
3 -0.0524 0.033 -0.286
4 -0.0451 0.041 -0.782
5 -0.126 0.047 -0.887
6 -0.105 0.034 -0.431
7 -0.138 0.017 -0.033
8 -0.191 -0.001 0.123
9 -0.255 0.009 0.113
10 -0.238 0.017 -0.122
11 -0.247 0.027 -0.48
12 -0.257 0.031 -0.918
13 0.0235 -0.001 0.131




16 0.0451 -0.031 -0.838
17 0.126 -0.037 -0.868
18 0.105 -0.045 -0.395
19 0.138 -0.022 -0.0931
20 0.191 -0.005 0.174
21 0.201 -0.027 0.206
22 0.205 -0.017 -0.107
23 0.21 -0.009 -0.444
24 0.215 -0.001 -0.839
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6.2 Finite Element Analysis Data Reduction
In the post-processing of the finite element analysis, any available output
data can be requested. Since x, y, and z translations are available from the
experimental analysis, only x, y, and z translations were requested from the FEA




- Typical FEA Reduced Output Data (Mode 1 )
19.95 Hz
Node X translation Y translation Z translation
89 -0.085 0.005 -0.015
236 -0.083 0.009 -0.181
235 -0.080 0.013 -0.342
84 -0.043 0.013 -0.461
116 -0.080 0.017 -0.522
206 -0.081 0.014 -0.363
186 -0.084 0.010 -0.193
170 -0.084 0.000 -0.024
172 -0.084 0.015 -0.038
188 -0.084 0.011 -0.209
208 -0.082 0.014 -0.385
222 -0.081 0.015 -0.548
90 0.085 -0.005 -0.015
245 0.083 -0.009 -0.181
244 0.080 -0.013 -0.342
83 0.043 -0.013 -0.461
115 0.080 -0.017 -0.522
205 0.081 -0.018 -0.363
185 0.084 -0.010 -0.193
169 0.084 0.000 -0.024
171 0.084 -0.015 -0.038
187 0.084 -0.011 -0.209
207 0.082 -0.014 -0.385
221 0.081 -0.015 -0.548
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6.3 Modal Assurance Criteria Computation
The MAC formula (Equation 3) tests the correspondence between two
sets of vectors. Let {0}j be equal to x the translation in the static engine
analysis at frequency of 22.54 Hz (column 2, Table 6.3). Let {<}A be equal to the
x translation in the finite element analysis at the frequency of 19.94 Hz (column





From equation 3, the MAC equals 0.73.
The same arithmetic was performed on y and z translations, resulting in
y translation, MAC = 0.79,
z translation, MAC = 0.71
The MAC results of the remaining mode shapes are shown in Table 6.5.
Table 6.5 Modal Assurance Criteria Results










Yawing/Translating 19.94 22.5 0.73 0.79 0.71
Rolling 38.95 39.9 0.87 0.91 0.73
Pitching 65.32 65.6 0.70 0.77 0.74
Bending 164.26 139.9 0.69 0.61 0.64




The static engine test, the running engine test, mathematical modeling,
and finite element modeling have been used in this study to determine some
vibration characteristics of a diesel engine mounted on a test chassis. Static
engine analysis was used to determine the natural frequencies and natural mode
shapes of the diesel engine in the laboratory. The running engine analysis was
used to identify resonant frequencies and the engine speed where resonance
occurred due to the running dynamics of the diesel engine. The lumped mass
modeling was used to predict the engine inelastic modes at the lower
frequencies. Finally, finite element modeling was used as an analytical
representation of the static engine test.
This study focused on the frequency range between 0 and 250 Hz. The
resonant frequencies from all the methods and the percentage difference in
resonance frequencies between the static engine test and other methods are
shown in Table 7 1 .
The engine speed in which resonant frequencies occurred in the running
engine test were determined. The engine speeds were 2364 rpm at 39.4 Hz,
1600 rpm at 80.0 Hz, 2362 rpm at 118.1 Hz, 1694 rpm at 169.4 Hz, 2194 rpm at
219.4 Hz, and 2294 rpm at 229.4 Hz. At these engine speeds, engine damage
or failure usually occurs. These engine speeds are useful to know for engine
component testing.
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Table 7.1 Resonance Frequency Resuh s
Static Engine Running Engine Lumped Mass FEA
Freq. (Hz) Freq. (Hz) % Diff. Freq. (Hz) % Diff. Freq. (Hz) % Diff.
22.5 22.7 7.6 19.94 0.9
39.9 39.4 1.3 36.4 8.8 38.95 2.4
65.6 80.0 22.0 61.9 5.6 65.32 0.4
139.9 118.1 15.6 164.26 17.4
189.9 169.4 10.8 189.47 0.2
211.5 219.4 3.7
229.4
The mode shapes of the engine were determined at the resonance
frequencies for the static engine test, the finite element analysis, and lumped
mass modeling are shown in Table 7.2. The operating deflection shapes from
the running engine test were undetermined.
The operating deflection shapes from the running engine analysis were
inconclusive due to the lack of nodes and accelerometers used in the NVA
modeling. The first three mode shapes in the static engine analysis were engine
inelastic modes. In these modes, there was no elastic deflection of the engine.
The engine was rotating and translating as a solid block with respect to the
dynamics of the test chassis (Figure 3.5a-c). The last three mode shapes in the
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static engine analysis were engine elastic modes. In these modes, the engine
was twisting, bending and breathing (Figure 3.5d-f).
Table 7.2 Mode Shape Results
Static Engine FEA Lumped Mass
Mode Shape Freq (Hz) Freq (Hz) Freq (Hz)
Yawing/Translating 22.5 19.94 22.7
Rolling 39.9 38.95 36.4




The static engine test setup was modeled using the finite element
method. From the finite element analysis, there were 26 mode shapes found in
the specified frequency range. The five mode shapes that match the results
from the static engine test occurred at 19.94 Hz, 38.95 Hz, 65.32 Hz, 164.26 Hz,
and 189.47 Hz. However, the finite element modeling was unable to match the
last mode shape from the static engine test results.
The Mode shapes from the FEA and the static engine analysis were
correlated by using the Modal Assurance Criteria (MAC). This method (equation
3) compared the similarity between experimental and analytical mode shapes. If
the two compared mode shapes are identical, the MAC result is one. The MAC
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result is zero if the compared mode shapes are orthogonal. The MAC results for
the FEA and the static engine analysis were between 0.60 and 0.91 (Table 6.5).
In general, a MAC number of 0.80 and above is considered a good
correlation. However, these numbers are dependent on the similarity and the
level of detail in the analytical model. In some cases, the experimental model is
extremely difficult to model analytically resulting in low MAC numbers. Judgment
and justification will determine the correlation.
Most of the MAC number results in this study were below 0.80 which
indicated that the correlation was poor. However, the engine and the test
chassis were extremely difficult to model. There were many unknown
parameters and these parameters were estimated for modeling (see Section 5).
Thus, the results from FEA modeling did not quite match the results from the
experimental analysis. For correlation improvement, it is recommended to better




Resonance frequency agreement between static engine test and running
engine test was within 22% (see Table 7.1 ). The test setup differences such as
the mounting of the dynamometer, intake, exhaust, etc. were major contributors
to this frequency shift. The dynamics of the connecting rod, piston, and crank
could also contributed to the shift or created new resonant frequencies.
The first resonant frequency appearing in the static engine test did not
show up in the running engine test. However, the running engine data was
taken at engine speeds between 1 000 rpm and 2400 rpm. Therefore, the first
corresponding resonance frequency in the running engine test was expected to
occur at an engine speed below 1000 rpm. The last resonant frequency from the
running engine test at 229.94 Hz did not appear in the static engine test. This
could be a resonance frequency caused by the dynamics of the running engine.
Also, this might be a resonant frequency shifted from outside the 250 Hz range
by the running engine parameters. Operating deflection shape analysis is
required to determined how the engine is responding at this resonance
frequency.
Operating deflection shapes from the running engine were not
successfully determined. There were 72 accelerometers used at the 24 nodes in
the static engine analysis. However in the running engine analysis, the engine
block was partially modeled by 10 nodes and fourteen accelerometers were
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used (see Figure 3. 1 ). Four of those nodes had 2 DOF (degrees of freedom)
and the remaining six had 1 DOF. Thus, in the operating deflection shapes, this
partial model displaced six nodes in one direction, and four nodes in two
directions. Therefore when correlating the operating deflection shapes to mode
shapes from the static engine test, the comparison was inconclusive. In order to
determine the operating deflection shapes of the running engine, a more
complete model, at least equivalent to the number of nodes and accelerometers
used in the static engine test model, is recommended.
Frequencies where mode shapes were found from FEA were within 17 4
percent agreement with the frequency results of the static engine analysis. The
mode shapes from the finite element analysis were correlated with the mode
shapes from the static engine test using the Modal Assurance Criteria formula.
The Modal Assurance Criteria results were within 70% for engine inelastic
modes and 60% for elastic flexible modes. These MAC numbers were low.
However, this was a very difficult problem for finite element modeling.
Considering the fact that most of the parameters in the model were estimated
along with the simplification in modeling of the engine block, these low numbers
in the correlation were expected.
The differences were due to the finite element modeling of the engine
shape, material properties, and boundary conditions. The two C-clamps were
modeled as constraint translations and were free to rotate. In fact, they may
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constrain some rotations. The engine was mounted on a test frame with four
supporting legs resting on the floor. Friction between the concrete floor and the
four supporting legs was modeled by spring elements as described in section 5.2
and may not be an accurate representation. The engine was mounted to the
frame by using three connecting steel castings. FEA modeling of the
connections were with three rigid elements and this ignored the flexibility and the
lumped mass of the castings. The actual engine had a complex shape while the
FEA model for the engine was a rectangular block. The stiffness of the block
was estimated for the model and may not be accurate. The actual weight
distribution in the engine was unknown, but weight density was evenly
distributed in the FEA model. Dry weight of the actual engine was 2070 pounds.
Modeling weight for the engine was 2720 pounds with 650 pounds accounting
for the flywheel and miscellaneous components in the test set up. This might not
be an accurate assumption. The center of gravity of the engine in the FEA
model was defined. However, the center of gravity of the actual engine was
unknown. The location for the center of gravity in the actual engine might not be
the same as in the finite element model. As a result of these differences, the last
mode shape from the static engine test was not found in FEA. Also, the
frequencies have shifted, and node displacements were slightly different.
There were twenty six mode shapes found in the FEA. The first thirteen
modes were engine inelastic ones and the last thirteen modes showed the
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engine elastic deflections. In theory, the number of mode shapes should match
between the analytical and the experimental analysis. However, only six mode
shapes were found in the experimental analysis. These six mode shapes were
the dominant modes in the static engine test. If the less dominant modes from
the static engine test were analyzed, they might correlate with the FEA results.
Five of the twenty-six mode shapes from the FEA matched the first five
dominant modes from the static engine test. The dominant modes in the FEA
can be determined by the modal participation factor which uses strain energy to
identify dominant modes (Ref. 3). However, the NASTRAN Femap version used
in this modeling did not have that capability. The last mode shape from the
static engine test was not matched by the finite element modeling. A more
accurate FEA model may be required to match this mode.
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9.0 CONCLUSION
From this study, some vibration characteristics of the engine mounted on
the test chassis were determined. The modeling of the test chassis
demonstrated a good correlation of the engine inelastic modes from the different
techniques used in analyzing engine vibrations. The flexible modes of the
engine were not as well defined as those engine inelastic modes, and this was
indicated by low MAC correlation number. For further study, a more detailed
FEA model is recommended for better correlation in engine flexible modes.
The running engine analysis was incomplete due to the fact that only
resonance frequencies were determined. The operating deflection shapes of the
running engine were undetermined. This analysis can only be used to verify
resonance frequencies. For further work, a more complete engine model, at
least equivalent to the number of nodes and accelerometers used in the static
engine model, is recommended for determining the operating deflection shapes
of the running engine.
The methods used in this study can be used as tools for redesign to
optimize the vibrations of the engine mounted on its test chassis. The
mathematical modeling and finite element modeling can be used to predict how
a design change impacts the response of the structure. The static engine test
can be used to verify the analytical prediction, and the running engine test
determines the structural vibrations in the actual application.
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APPENDIX A
Mathematical modeling for the engine yawing/translating inelastic mode
From the FEA and static engine test results, the engine mounted on
the chassis (Figure A1) showed yawing and translating in the first engine
inelastic mode. The mathematical representation for the first engine inelastic





















Figure A2 - Mathematical Model For Engine Yawing/Translating Inelastic Mode
The Kf in this model is the stiffness due to friction at the interface 1 (see
Figure A1) between the concrete floor and the two chassis legs. The Ko is the
structural stiffness of the frame which restricts the engine from rotating. The
frame was constrained by the two c-clamps. The members of the frame which







Figure A3 - Frame Stiffness Members For The Yawing/Translating Mode
It was assumed that :
a) L is horizontal distance between the rear engine mounting and the front
engine mounting which is 46.5 inches.
b) The frame was held rigid at the end where it was clamped.
Then the Kc was calculated as follows:
Kc=(3EI/LA3)
where E is the Modulus of Elasticity of steel which is 29 x
106
psi. The moment
of inertia I of the frame was assumed to be twice the moment of inertia of the half




Figure A4 Half Of The Frame Members Which Provided Stiffness
The moment of inertia was calculated as follows:
I = 2*1^ - Iyy2]
Where:
lyyi is the moment of inertia of the cross section about the yy axis in figure
A4 assuming it is a rectangular solid. The base b^ in this case is 3 inches and
the height hi is 12 inches.
Iyy2 is the moment of inertia of the open cross section about the yy axis in







Kc=(3EI/L3) = [ 3(29 x
10b
lb/in') x 608 in7(46.5 in)0] = 526095 lb/in
70
and Kfwas neglected because the concrete floor was smooth. Kfwas expected
to be relatively small compared to Kc.
The engine moment of inertia is J = M[L2/12 + h2/12+r2], where the engine
weightWwas estimated in section 5.3 to be 2720 lb. Therefore, the engine
mass M is 226.7 lb-s2/in. Thus,
J = 226.7 lb-s2/in[(38 in) 2/1 2 + (1 2.5 in) 2/1 2 +(1 9 in) 2]





Figure A5 Free Body Diagram For The Yawing/Translating Mode
It was assumed that sin6 = 0 = X/L, and the system has no damping. If X is the
displacement at the equivalent spring, then FKc = (Kc)X since F= KX, and the















After substitute the value of Kf, Kc, L, and J into the equation, then the natural
frequency was calculated to be
C0n = 142.5 rad/sec
COn = (142.5 rad/sec)(revolution/2ITrad)
COn = 22.7 Hz
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Mathematical model for the rolling engine inelastic mode
From the FEA and static engine test results, the second engine inelastic
mode showed engine rotation about a longitudinal axis through its center of
gravity, where the side of the engine moved up and down in vertical direction. A
lumped mass model of this mode is shown on Figure A6.
The engine mass moment of inertia is J = M(b2/12 + h2/12), where the
engine weightWwas estimated in section 5.3 to be 2720 lb. Therefore, the
engine mass M is 226.7 lb-s2/in. Thus,
J = 226.7 lb-s2/in(12.52/12 + 222/12) = 12095
lb-in-
s2
Figure A6 - Mathematical Model For Rolling Engine Inelastic Mode
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and K! was calculated to be 4229166 lb/in (see Section 4). The equivalent
spring system Keq2 which included beam 2 and beam 3 (see Figure A1) is
calculated as follows:
















Figure A7 - Free Body Diagram For The Rolling Engine Inelastic Mode
It was assumed that sinG = G = X/L so that X = 0L, and the system has no
damping. If X is the displacement at the equivalent spring, then Fk1 = (K-\)Xi and
Fkeq2 = (Keq2)X2 since F= KX, and X1 = 9 Li, X2 = 9 L2, where L-, is the distance
from center line of the engine to the front mounting connection which is 5 inches,
and L2 is the distance from center line of the engine to the rear mounting
connection which is 15 inches. The equation of motion is then found to be:









L,2 + 2(keq2) L2
2
1
Substituting the value of Ki, Keq2, Li, L2, and J into the above equation gives a
natural frequency of
COn = 228.6 rad/sec
COn = (228.6 rad/sec)(revolution/2nrad)
COn = 36.4 Hz
75
APPENDIX B
Mode Shape Numerical Output For Static Engine Test





FILE DATA ID = 2X
NODE X-MAG X PHASE YMAG Y PHASE ZMAG Z PHASE
1 0.0235 180 0.003 0 0.125 0
2 0.0303 180 0.018 0 0.143 180
3 0.0524 180 0.033 0 0.286 180
4 0.0451 180 0.041 0 0.782 180
5 0.126 180 0.047 0 0.887 180
6 0.105 180 0.034 0 0.431 180
7 0.138 180 0.017 0 0.033 180
8 0.191 180 0.001 180 0.123 0
9 0.255 180 0.009 0 0.113 0
10 0.238 180 0.017 0 0.122 180
11 0.247 180 0.027 0 0.48 180
12 0.257 180 0.031 0 0.918 180
13 0.0235 0 0.001 180 0.131 0
14 0.0303 180 0.012 0 0.00604 180
15 0.0524 0 0.023 180 0.28 180
16 0.0451 0 0.031 180 0.838 180
17 0.126 0 0.037 180 0.868 180
18 0.105 0 0.045 180 0.395 180
19 0.138 0 0.022 180 0.0931 180
20 0.191 0 0.005 180 0.174 0
21 0.201 0 0.027 180 0.206 0
22 0.205 0 0.017 180 0.107 180
23 0.21 0 0.009 180 0.444 180
24 0.215 0 0.001 180 0.839 180
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FILE DATA ID = 1X
NODE XMAG X PHASE Y MAG Y PHASE Z MAG Z PHASE
1 0.160 180 0.570 0 0.971 0
2 0.161 180 0.601 0 0.848 0
3 0.028 180 0.618 0 0.691 0
4 0.024 180 0.493 0 0.558 0
5 0.114 180 0.499 0 0.074 0
6 0.091 180 0.564 0 0.174 0
7 0.040 180 0.529 0 0.419 0
8 0.080 180 0.545 0 0.593 0
9 0.157 180 0.763 0 0.151 180
10 0.162 180 0.726 0 0.364 180
11 0.101 180 0.683 0 0.675 180
12 0.149 180 0.729 0 0.822 180
13 0.187 0 0.574 180 1.000 0
14 0.205 0 0.492 180 0.904 0
15 0.190 0 0.448 180 0.785 0
16 0.206 0 0.319 180 0.607 0
17 0.177 0 0.307 180 0.084 0
18 0.141 0 0.367 180 0.259 0
19 0.157 0 0.407 180 0.406 0
20 0.149 0 0.384 180 0.572 0
21 0.147 0 0.317 180 0.063 180
22 0.156 0 0.339 180 0.361 180
23 0.142 0 0.301 180 0.564 180
24 0.142 0 0.265 180 0.856 180
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FILE DATA ID = 3X
NODE XMAG X PHASE YMAG Y PHASE ZMAG Z PHASE
1 0.199 0 0.981 0 0.003 0
2 0.217 0 0.483 0 0.001 0
3 0.213 0 0.083 0 0.001 180
4 0.102 0 0.469 180 0.007 180
5 0.134 0 0.357 180 0.006 180
6 0.212 0 0.178 0 0.010 180
7 0.208 0 0.438 0 0.001 180
8 0.155 0 0.973 0 0.002 0
9 0.215 0 0.965 0 0.002 180
10 0.192 0 0.425 0 0.000 0
11 0.225 0 0.122 0 0.001 0
12 0.134 0 0.246 180 0.003 0
13 0.137 0 0.693 0 0.010 0
14 0.157 0 0.342 0 0.009 0
15 0.186 0 0.015 0 0.010 0
16 0.178 0 0.378 180 0.016 0
17 0.151 0 0.217 180 0.001 0
18 0.128 0 0.881 180 0.005 0
19 0.133 0 0.488 0 0.006 0
20 0.128 0 0.828 0 0.008 0
21 0.225 0 0.693 0 0.001 0
22 0.274 0 0.367 0 0.003 0
23 0.278 0 0.017 0 0.007 0
24 0.251 0 0.226 180 0.130 0
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NODE XMAG X PHASE YMAG Y PHASE ZMAG Z PHASE
1 0.051 0 0.043 180 0.0709 0
2 0.01 0 0.005 180 0.416 0
3 0.09 180 0.077 0 0.591 0
4 0.123 180 0.081 0 0.084 180
5 0.076 180 0.062 0 0.0895 180
6 0.078 180 0.059 0 0.24 0
7 0.018 180 0.012 180 0.419 0
8 0.09 0 0.09 180 0.183 0
9 0.047 0 0.066 180 0.356 0
10 0.018 0 0.052 180 0.234 0
11 0.0163 180 0.009 0 0.135 180
12 0.107 180 0.041 0 0.543 180
13 0.098 180 0.148 0 0.106 0
14 0.007 180 0.042 180 0.554 0
15 0.012 0 0.137 180 0.608 0
16 0.173 0 0.148 180 0.057 180
17 0.196 0 0.191 180 0.145 180
18 0.109 0 0.166 180 0.264 0
19 0.0346 0 0.047 180 0.375 0
20 0.083 180 0.139 0 0.161 0
21 0.017 180 0.037 0 0.334 0
22 0.022 180 0.0194 0 0.127 0
23 0.004 0 0.121 180 0.0942 180
24 0.103 0 0.009 180 0.462 180
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FILE DATA ID = 7X
NODE XMAG X PHASE YMAG Y PHASE ZMAG Z PHASE
1 0.001 180 0.054 0 0.269 180
2 0.001 180 0.056 0 0.095 0
3 0.031 0 0.185 0 0.297 180
4 0.053 0 0.176 0 0.162 0
5 0.123 0 0.289 0 0.154 0
6 0.117 0 0.299 0 0.026 0
7 0.045 0 0.033 180 0.023 180
8 0.059 180 0.096 180 0.074 180
9 0.004 0 0.375 180 0.272 0
10 0.017 0 0.009 0 0.116 0
11 0.185 0 0.250 0 0.017 180
12 0.168 0 0.487 0 0.330 180
13 0.061 0 0.280 0 0.307 180
14 0.048 0 0.014 0 0.059 0
15 0.058 0 0.184 180 0.289 0
16 0.088 180 0.433 180 0.298 0
17 0.002 0 0.359 180 0.120 180
18 0.058 180 0.189 180 0.056 0
19 0.036 180 0.055 180 0.101 0
20 0.009 180 0.212 0 0.197 180
21 0.004 180 0.203 0 0.259 0
22 0.058 180 0.019 0 0.087 0
23 0.047 180 0.159 180 0.156 180
24 0.061 180 0.277 180 0.403 180
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FILE DATA ID = 11X
NODE XMAG X PHASE YMAG Y PHASE ZMAG Z PHASE
1 0.031 0 0.174 180 0.882 180
2 0.067 0 0.026 180 0.953 0
3 0.078 0 0.176 0 1.488 0
4 0.085 0 0.195 0 0.598 0
5 0.077 0 0.206 0 0.016 180
6 0.073 0 0.143 0 0.768 0
7 0.046 0 0.036 180 1.217 0
8 0.002 0 0.021 180 0.036 0
9 0.027 0 0.049 180 0.024 0
10 0.007 0 0.052 0 0.018 0
11 0.027 0 0.129 0 0.531 180
12 0.052 0 0.202 0 0.157 180
13 0.360 0 0.186 0 0.215 180
14 0.028 180 0.081 0 0.051 180
15 0.038 180 0.031 180 0.106 0
16 0.046 180 0.050 180 0.109 0
17 0.016 180 0.002 180 0.127 0
18 0.394 0 0.042 0 0.270 0
19 0.060 180 0.027 180 0.050 0
20 0.027 180 0.019 180 0.062 0
21 0.031 180 0.020 0 0.001 180
22 0.031 180 0.011 0 0.029 0
23 0.018 180 0.004 180 0.010 0
24 0.026 180 0.008 180 0.012 180
25 0.026 180 0.002 180 0.035 180
26 0.205 180 0.027. 0 0.075 180
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APPENDIX C
Modal Assurance Criteria Calculation
This technique compares a set of mode shapes from test results, {<}t,
with a set of analytical mode shapes, {<S>}A. This method tests the similarity
between the two sets of vectors in a scalar sense similar to the vector "Dot













The MAC will equal unity if the two vector are identical, but if the two
vector are orthogonal, the MAC will have a small number (Ref. 10).
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FEA OUTPUT
FREQUENCY = 19.95 Hz
MODAL ANALYSIS OUTPUT
FREQUENCY = 2254 Hz
Node X translation Y translation Z translation
89 -0.085 0.005 -0.015
236 -0.083 0.009 -0.181
235 -0.080 0.013 -0.342
84 -0.043 0.013 -0.451
116 -0.080 0.017 -0.522
206 -0.081 0.014 -0.363
186 -0.084 0.010 -0.193
170 -0.084 0.000 -0.024
172 -0.084 0.015 -0.038
188 -0.084 0.011 -0.209
208 -0.082 0.014 -0.385
222 -0.081 0.015 -0.548
90 0.085 -O.005 -0.015
245 0.083 -O.009 -0.181
244 0.080 -0.013 -0.342
83 0.043 -0.013 -0.451
115 0.080 -0.017 -0.522
205 0.081 -0.018 -0.363
185 0.084 -0.010 -0.193
169 0.084 0.000 -0.024
171 0.084 -0.015 -0.038
187 0.084 -0.011 -0.209
207 0.082 -0.014 -0.385
221 0.081 -0.015 -0.548
Node X translation Y translation Z translation
1 -0.0235 0.003 0.125
2 -0.0303 0.018 -0.143
3 -0.0524 0.033 -0.286
4 -0.0451 0.041 -0.782
5 -0.126 0.047 -0.887
6 -0.105 0.034 -0.431
7 -0.138 0.017 -0.033
8 -0.191 -0.001 0.123
9 -0.255 0.009 0.113
10 -0.238 0.017 -0.122
11 -0.247 0.027 -0.48
12 -0.257 0.031 -0.918
13 0.0235 -0.001 0.131
14 -0.0303 0.012 -0.00604
15 0.0524 -0.023 -0.28
16 0.0451 -0.031 -0.838
17 0.126 -0.037 -0.868
18 0.105 -0.045 -0.395
19 0.138 -0.022 -0.0931
20 0.191 -0.005 0.174
21 0.201 -0.027 0.206
22 0.205 -0.017 -0.107
23 0.21 -0.009 -0.444
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FREQUENCY = 38.95 Hz
MODAL ANALYSIS OUTPUT
FREQUENCY = 39.91 Hz
Node X translation Y translation Z translation
89 -0.027 0.214 0.360
236 -0.024 0.243 0.346
235 -0.026 0.257 0.318
84 -0.020 0.260 0.270
116 -0.029 0.259 -0.106
206 -0.028 0.254 -0.051
186 -0.025 0.241 -0.001
170 -0.013 0.174 0.038
172 -0.026 0.268 -0.323
188 -0.026 0.240 -0.385
208 -0.029 0.253 -0.456
222 -0.029 0.257 -0.519
90 0.027 -0.214 0.360
245 0.024 -0.240 0.346
244 0.026 -0.257 0.318
83 0.020 -0.260 0.278
115 0.029 -0.259 -0.106
205 0.028 -0.254 -0.051
185 0.025 -0.241 -0.001
169 0.013 -0.174 0.038
171 0.026 -0.268 -0.323
187 0.026 -0.240 -0.385
207 0.029 -0.253 -0.456
221 0.029 -0.257 -0.519
Node X translation Y translation Z translation
1 -0.160 0.570 0.971
2 -0.161 0.601 0.848
3 -0.028 0.618 0.691
4 -0.024 0.493 0.558
5 -0.114 0.499 0.074
6 -0.091 0.564 0.174
7 -0.040 0.529 0.419
8 -0.080 0.545 0.593
9 -0.157 0.763 -0.151
10 -0.162 0.726 -0.364
11 -0.101 0.683 -0.675
12 -0.149 0.729 -0.822
13 0.187 -0.574 1.000
14 0.205 -0.492 0.904
15 0.190 -0.448 0.785
16 0.206 -0.319 0.607
17 0.177 -0.307 0.084
18 | 0.141 -0.367 0.259
19 0.157 -0.407 0.406
20 0.149 -0.384 0.572
21 0.147 -0.317 -0.063
22 0.156 -0.339 -0.361
23 0.142 -0.301 -0.564
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FREQUENCY = 65.56 Hz
Node X translation Y translation Z translation
89 0.057 -0.307 0.000
236 0.046 -0.204 -0.004
235 0.021 -0.074 -0.005
84 -0.082 0.124 -0.026
116 0.121 0.079 0.002
206 0.123 -0.075 -0.001
186 0.129 -0.206 -0.001
170 0.126 -0.298 -0.018
172 0.217 -0.319 0.016
188 0.221 -0.205 0.001
208 0.234 -0.073 0.001
222 0.240 0.073 0.001
90 0.057 -0.307 0.000
245 0.046 -0.204 0.004
244 0.021 -0.074 0.005
83 -0.082 0.124 0.026
115 0.121 0.079 -0.002
205 0.123 -0.075 0.001
185 0.129 -0.206 0.001
169 0.126 -0.298 0.018
171 0.217 -0.319 -0.016
187 0.221 -0.205 -0.001
207 0.234 -0.073 -0.001
221 0.250 0.240 0.073
Node X translation Y translation Z translation
1 0.199 0.981 0.003
2 0.217 0.483 0.001
3 0.213 0.083 -0.001
4 0.102 -0.469 -0.007
5 0.134 -0.357 -0.006
6 0.212 0.178 -0.010
7 0.208 0.438 -0.001
8 0.155 0.973 0.002
9 0.215 0.965 -0.002
10 0.192 0.425 0.000
11 0.225 0.122 0.001
12 0.134 -0.246 0.003
13 0.137 0.693 0.010
14 0.157 0.342 0.009
15 0.186 0.015 0.010
16 0.178 -0.378 0.016
17 0.151 -0.217 0.001
18 0.128 -0.881 0.005
19 0.133 0.488 0.006
20 0.128 0.828 0.008
21 0.225 0.693 0.001
22 0.274 0.367 0.003
23 0.278 0.017 0.007

















































































































FREQUENCY = 164.26 Hz
MODAL ANALYSIS OUTPUT
FREQUENCY =139.94 Hz
Node X translation Y translation Z translation
89 0.082 -0.035 0.063
236 -0.017 0.071 0.306
235 -0.190 0.085 0.133
84 -0.113 0.049 -0.196
116 -0.216 0.050 -0.384
206 -0.168 0.040 0.027
186 -0.026 0.000 0.228
170 0.180 -0.110 0.034
172 0.009 -0.026 0.237
188 -0.032 -0.044 0.259
208 -0.163 0.011 -0.012
222 -0.207 0.032 -0.441
90 -0.082 0.035 0.063
245 0.017 -0.071 0.306
244 0.189 -0.085 0.133
83 0.113 -0.049 -0.196
115 0.216 -0.050 -0.384
205 0.169 -0.040 0.027
185 0.026 0.000 0.228
169 -0.180 0.110 0.034
171 -0.009 0.026 0.237
187 0.032 0.044 0.259
207 0.163 -0.01 1 -0.012
221 0.207 -0.032 -0.441
Node X translation Y translation Z translation
1 0.051 -0.043 0.071
2 0.010 -0.005 0.416
3 -0.090 0.077 0.591
4 -0.123 0.081 -0.084
5 -0.076 0.062 -O.090
6 -0.078 0.059 0.240
7 -0.018 -0.012 0.419
8 0.090 -0.090 0.183
9 0.047 -0.066 0.356
10 0.018 -0.052 0.234
11 -0.016 0.009 -0.135
12 -0.107 0.041 -0.543
13 -0.098 0.148 0.106
14 -0.007 -0.042 0.554
15 0.012 -0.137 0.608
16 0.173 -0.148 -0.057
17 0.196 -0.191 -0.145
18 0.109 -0.166 0.264
19 0.035 -0.047 0.375
20 -0.083 0.139 0.161
21 -0 017 0.037 0.334
22 -0.022 0.019 0.127
23 0.004 -0.121 -0.094





















































































































FREQUENCY = 189.47 Hz
MODAL ANALYSIS OUTPUT
FREQUENCY = 189.94 Hz
Node X translation Y translation Z translation
89 -0.083 0.161 0.209
236 -0.012 0.008 -0.129
235 0.145 -0.137 0.223
84 0.032 -0.153 -0.106
116 0.192 -0.134 0.290
206 0.142 -0.076 -0.046
186 0.018 0.052 -0.152
170 -0.087 0.197 0.028
172 -0.023 0.135 -0.292
188 0.029 0.084 -0.258
208 0.142 -0.041 0.045
222 0.186 -0.094 0.464
90 0.083 -0.161 0.209
245 0.012 -0.008 -0.129
244 0.145 0.137 -0.223
83 -0.032 0.153 -0.106
115 -0.192 0.134 0.290
205 -0.142 0.076 -0.046
185 -0.018 -0.052 -0.152
169 0.087 -0.197 0.028
171 0.023 -0.135 -0.292
187 -0.029 -0.084 -0.258
207 -0.142 0.041 0.045
221 -0.186 0.094 0.464
Node X translation Z translation Z translation
1 -0.0010 0.054 -0.269
2 -0.0014 0.056 0.095
3 0.0312 0.185 -0.297
4 0.0534 0.176 0.162
5 0.1230 0.289 0.154
6 0.1170 0.299 0.026
7 0.0449 -0.033 -0.023
8 -0.0594 -0.096 -0.074
9 0.0040 -0.375 0.272
10 0.0168 0.009 0.116
11 0.1850 0.250 -0.017
12 0.1680 0.487 -0.330
13 0.0614 0.280 -0.307
14 0.0480 0.014 0.059
15 0.0580 -0.184 0.289
16 -0.0879 -0.433 0.298
17 0.0021 -0.359 -0.120
18 -0.0578 -0.189 0.056
19 -0.0359 -0.055 0.101
20 -0.0090 0.212 -0.197
21 -0.0042 0.203 0.259
22 -0.0579 0.019 0.087
23 -0.0467 -0.159 -0.156
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